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Abstract. Let a = (ai, 02, . . . , On) for n G N be a given sequence of posi- 
tive numbers. In the paper, the authors establish, by using Cauchy's integral 
formula in the theory of complex functions, an integral representation of the 
principal branch of the geometric mean 

" n 1 1/" 

Gn{a + z) = ]^{afc+^) 

for ^ £ C \ (—00, — min{aj., 1 < k < n}], and then provide a new proof of the 
well known GA mean inequality. 



1. Introduction 

Let a — (01,02, . . . ,a„) for n G N, the set of all positive integers, be a given 
seqtience of positive numbers. Then the arithmetic and geometric means A„(a) 
and Gn (a) of the numbers ai , 02 , . . . , a„ are defined respectively as 



1 " 

Ma) = 



ak 



(1.1) 



fc=i 



and 



l/n 



Gnia)^ \^J[akj . (1.2) 

It is common knowledge that 

Gn{a)<An{a), (1.3) 

with equality if and only if ai = a2 = • • • = a„. 

There has been a large number, presumably over one hundred, of proofs of 
the GA mean inequality (1.3) in the mathematical literature. The most complete 
information, so far, can be found in the monographs [1, 2, 3, 4, 5, 6] and a lot of 
references therein. 

In this paper, we establish, by using Cauchy's integral formula in the theory of 
complex functions, an integral representation of the principal branch of the geo- 
metric mean 

l/n 



Gn{a + z) 



W_{ak + z) 



k=l 



(1.4) 
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for z G C \ (— c», — minjafe, 1 < fc < n}], and provide a new proof of the GA mean 
inequality (1.3). 

2. Lemmas 

In order to prove our main results, we need the following lemmas. 

Lemma 2.1. For z gC \ (— oo, — minjofc, 1 < A; < n}], the principal branch of the 
complex function 

fniz) = Gn{a + z)-z, (2.1) 
where a + z = (ai + 02 + z, . . . , a„ + z), meets 

lim = A„(a). (2.2) 

2:— 7-OC 

Proof. By L'Hospital's rule in the theory of complex functions, we have 



lim fn{z) = lim < z 



G„( 1 + - ) -1 



^. G„(l + az)-l d 
= lim = lim — 

z->-0 Z z^O dz 



Y[il+akz) 



Lk=l 



1/n 



= An{a), 



where 1 + f = (1 + ^,1 + ^,...,! + ^) andl + az= {l + aiz,l + a2Z, . . . ,1 + anz). 
Lemma 2.1 is thus proved. □ 

Lemma 2.2. For z G C \ (—00, 0] and a = {01,02, - ■■ , a„) satisfying ae < a^+i for 
1 < £ < n - 1, let 

hn{z) = Gn{a - ai + z) - z, (2.3) 
where a — ai+z = (z, 02 — ai + z, . . . , a„ — ai + z) . Then the imaginary part of the 
principal branch of hn{z) meets 

n 1 1/" 



lim Qhni—t + ie) = < 

£-)-0+ 



\ak -ai-t\ 



.fe=i 



in 

sin — , t & {at - ai,ai+i - ai] 
n 



0, 



t> On — ai 



forl<e<n-l. 

Proof. For t = ae+i — ai for 1 < ^ < n — 1, we have 



(2.4) 



hni—t + *£) = exp 



exp 



exp 



1 " I 

Elnfafe — ai —t + is) -\ — \n(is) 
n. 

1 " 

— ln(afc — ai —t + ie) 
"1 " 

- ^ ln(afc -ai-t) 



+ t — is 



- Inlffl + -i 



lim exp 

e-)-0+ 



ln|£| + |j 



+t — is 



+t 



= t 



as e — >^ 0+. Hence, when t = a^+i — ai for 1 < ^ < n — 1, we have 

lim QhJ-t + ie) = 0. 

£->-0+ 
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For t G (0, cxd) \ {ae+i — ai, 1 < i < n — 1} and £ > 0, we have 
hn{—t + *£) = G„(a — ai — t + ie) + t — ie 



= exp 



+ t — is 



E\n(ak - ai -t + ie) 

fc=l 

exp< — ^[In \ak — ai —t + ie\ + i arg(a/j — ai —t + is)] > + t — it 
k=i J 

cxpl — ^^In |a/c — ai — f| H 1 \ +t, t £ [ae — ai, a^+i — ai 



\ A:=l 

exp In 
k \ fc=i 



Ofc — ai — i| + 7ri + t > a„ — ai 



= < 



l/n 



TT lafe — ai — t| ) ( cos hi sin — ) + t, t & (ae — ai, a^+i — ai) 

fe=i y V " 

n \ l/» 

JJ |a/j — ai — f| j (cos TT + i sin tt) + t > a„ — ai 
\, \fe=i / 



as £ — > 0+. As a result, we have 



hm Qhn(—t + is) = < 

£-)-0+ 



l/n 



IT ~ '^i ~ ^1 si'^ — ' i G (a£ - ai,a£+i - ai); 

V.=i J 

0, t > an — ai. 

The proof of Lemma 2.2 is completed. □ 



3. An integral representation of the geometric mean 

Now we are in a position to establish an integral representation of the geometric 
mean G„(a + z). 

Theorem 3.1. Let < < ak+i for 1 < fc < n — 1 and a + z — {ai + z,a2 + 
z, . . . ,an + z) for z G C \ (— oo, — ai]. Then the principal branch of the geometric 
mean Gn{a + z) has the integral representation 



^ n-l 

GJa + z) = An(a) + z sin — 

Proof. By standard arguments, it is not difficult to see that 





n 








fe=i 



l/n 



dt 
t + z' 



lim [2:/i„(2;)] = and hn{z) = hn{z). 



(3.1) 



(3.2) 



For any but fixed point z G C \ (— cx), 0], choose < e < 1 and r > such that 
< e < |^;| < r, and consider the positively oriented contour C{e, r) in C \ (— oo, 0] 
consisting of the half circle z = ee*^ for 6* G [^f i f ] the half lines z = x ±ie 
for a; < until they cut the circle \z\ = r, which close the contour at the points 
— r(e) ± is, where < r{s) — > r as e ^ 0. By the famous Cauchy's integral formula 
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in the theory of complex functions, we have 



1 



hn{w) 



dw 



C(e,r) «' - Z 
2 



L 



/2 lee'^hiee'') 



arg[-r(£)+iE] ire^^h(re^^) 



f 

J — 1 



/2 

hn{x + ie) 



■ de+ I ' ' ' dd 

I arg[— r(e)— ze] 



+ / — ida;+ / — -dx 

-r{s) x + ie — z 



Jo x-ie- 



re'" — z 



(3.3) 



By the hmit in (3.2), it follows that 

iee*«/i„(£e^») 



lim 

£->-0+ 



de = o. 



Tz/2 



(3.4) 



By virtue of the limit (2.2) in Lemma 2.1, we deduce that 

r ire^'^hn{re^'^) 



arg[-r(£)+ie] ire'%Jre'^) 



J are[— r 



lim 

e^0+ J a,Tg[-r{e)-ie] 



d0 



= lim / 

r— J-oo 



d6' 



re'" — z 
= 2An{a — ai)Tri, 



(3.5) 



where a ~ ai = (0, 02 — ai, . . . , a„ — ai). Utilizing the second formula in (3.2) and 
the limit (2.4) in Lemma 2.2 results in 



-L 
-I 







hn{x + ie) 
X + ie — z 



dx + 



X — le) 



dx 



X — le — z 



r(£) 




hn{x + ie) hn{x — ie) 



x + ie — z X — ie — z 



dx 



{x — ie — z)hn{x + ie) — {x + ie — z)hn{x — ie) 



dx 



{x + ie — z){x — ie — z) 
° {x - z)[hn{x + ie) - h„ix - ie)] - ie[hn{x - ie) + hn{x + ie) 



■r{e) 




(x + ie — z){x — ie — z) 



dx 



J-r(e) 



2i 



r{e) 

lim. 



- z)'^hn{x + ie) — e^hn{x + ie) 
(x + ie — z) {x — ie — z) 

,0, a7/„(.i; + is) 



dx 



■ dx 



X — z 

lim£^o+ ^hni-t + ie) 



t + z 

lim^^o+ ^hn{-t + ie) 



-2i [ 

Jo 

-2i [ 
Jo 

o . f 



dt 



t + z 

a£—ai 



dt 



\ak - ai-t\ 



-1 l/n 



.fe=l 



dt 
t + z 



(3.6) 
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as £ 0+ and r — > oo. Substituting equations (3.4), (3.5), and (3.6) into (3.3) and 
simplifying generate 



hn{z) = An{a -ai) 2^sin — / 



Yl Wk-ai -t\ 



.fe=i 



l/n 



dt 
t + z' 



(3.7) 



From fn{z) = hn{z + ai) + ai and (3.7), it is immediate to deduce that 



Jn{z) = An{a - ai) + ai 2^ sm — / 

Jae-ai 

= An{a) Vsin— / 



1 1/" 





' n 








.fe=i 



n 

fe=i 

l/n 

dt 



ai-t\ 



dt 



t + z + a\ 



t + z' 



from which the integral representation (3.1) follows. Theorem 3.1 is proved. 

4. A NEW PROOF OF THE GA MEAN INEQUALITY 



□ 



With the aid of the integral representation (3.1) in Theorem 3.1, we can easily 

deduce the GA mean inequality (1.3) as follows. 

Taking z = in the integral representation (3.1) yields 

l/n 



Gn{a) = An{a) - - sin — / 





n 

n - *i 







dt 
T 



From this, it is also obvious that the equality in (1.3) is valid if and only if ai = 
a2 = ■■ ■ = an- The proof of the GA mean inequality (1.3) is complete. 
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